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e I'= F(]Rd) is the space of locally finite configurations (discrete
subsets) of IR9:

I:= {17 c R4 ‘ |# NB| < +oo forall Be %b(Rd)}.

* Henceforth, || denotes the number of points in a discrete finite
set 7 C RY.

* We identify a configuration 1 € I with a discrete (counting)
measure on (RY, ,(RY)) defined by assigning a unit mass to

77<_’Zéx

x€N

each atom at x € 1:
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* We define a sequential topology on Iz by assuming that 1, — 7,
n — oo, if only

Yim (f, 1) = (fom)

forall f € Cp(IRY) (the space of bounded continuous functions on
RY) such that |f (x)| < M G(x) for some My >0 andall x € RY.

e Let #;(T') denote the corresponding Borel o-algebra.
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SPATIAL B-A-D PROCESS WITH THE UNIT DEATH RATE

Letb:RY x I > R, :=[0,00) be a measurable function. We describe

a spatial birth-and-death process 11 : R, — I'; with the unit death rate
and the birth rate b through the following three properties:
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and the birth rate b through the following three properties:

1. If the system is in a state nj; € I'; at the time t € R,, then the
probability that a new particle appears (a “birth” happens) in a
B e %, (RY) during a time interval [t, t + At] is

At | b(x,n)dx +o(At).
I

2. Ifthe system is in a state 1, € I 5 at the time t € R, then, for
each x € 1;, the probability that the particle at x dies during a
time interval [t,t + At] is 1 - At + o(At).
3. With probability 1 no two events described above happen
simultaneously.
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STOCHASTIC EQUATION

* Let N be the Poisson point process on IR, % RY x IR%r with mean

measure ds x dx x du x e”"dr. The process N is said to be
compatible w.r.t. a filtration {¥;} if, for any measurable
AcRIxIR?, N([0,t],A) is F;-measurable and N ((t,s], A) is
independent of F; for 0 <t <s.
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« Let N be the Poisson point process on IR, % RY x IR%r with mean

measure ds x dx x du x e”"dr. The process N is said to be
compatible w.r.t. a filtration {¥;} if, for any measurable
AcRIxIR?, N([0,t],A) is F;-measurable and N ((t,s], A) is
independent of F; for 0 <t <s.

* Letny be als-valued Fy-measurable random variable
independent on N. Consider a point process o on RY xR,
obtained by attaching to each point of 17y an independent unit
exponential random variable. Namely, if o = {x; : i € N} then
7o = {(x;,7;) : i € N} and {t;} are independent unit exponentials,
independent of 1y and N.
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STOCHASTIC EQUATION

* We will say that a process (1];);>¢ with sample paths in the
Skorokhod space Dr, [0, ) has the unit death rate and the birth
rate b if it is adapted to a filtration {F} w.r.t. to which N is
compatible and if, for any B € %b(le), the following equality
holds almost surely

ni(B) = f Howm) ()Tt N (s, dox,du, dr)
(0,t]xBxR?

+ f Iysy o, dr)

BxIR,.
where 1;(B) = |; N B| is the number of points in B; note that

henceforth we use configurations and counting measures

interchangeably.
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Example: nonlocal branching process (see e.g. Durrett'1979)

b(x,1) = Za(x—y), aeLY(RY).
veq
Alternative interpretation: after an exponential time with the unit

rate each particle at y dies and produces either 0 off-springs with
porbability %@ or two off-springs with probability %, where
(a) = fle a(x)dx, so that on off-springs stays at the prarent’s position
and the other is at x distributed according to the kernel (a) ! a(x -v).
Then

E#;(B) ~ e@=Dtyol(B).
How to regulate?
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EXISTENCE AND UN IQUENESS

Theorem (corollary of results in Garcia/Kurtz’2006)

Suppose that
b :=sup b(x,77) < o,

xeRY
USte

and, for some M > 0,
suplb(x,q Uy)— b(x,17)| <MG(x-y), xpe€ RY.

nelg
Then there exists a unique solution to (1).

If, additionally, both b and 1o are translation invariant, then 1, is

translation invariant fort > 0.
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DENSITY DEPENDENT FECUNDITY

Let0<a,cpec L' (RY). Consider

b =Y atx-p1+ Y c-plec(- 3 pta-p) @

yen zen\{y} zen\{y}
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Let0<a,cpec L' (RY). Consider

b =Y atx-p1+ Y c-plec(- 3 pta-p) @

yen zen\{y} zen\{y}

Typical example: ¢(x) = pe(x), p > 0 (including the case p = 0).
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DENSITY DEPENDENT FECUNDITY

(z—y))eXp(— ) @(z—y))- (2)

b(x,1n) = Za(x—y)(l + Z c
zen\{y) zen\{y}

yen
p@(x), p >0 (including the case p = 0).

Let0<a,c,pe L' (RY). Consider

Typical example: ¢(x) =
Ecological interest: Weak Allee effect, when p > 1. In this case the

(1 + ps)e™ is unimodal:

function r(s) :=
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GLOBAL BOUNDEDNESS OF THE RATE

Lemma

Leta,p >0, and let bf :IR, — (0, 00) be a bounded decreasing to 0 on

R, function, such that

J- by(s)s4! ds < co.
Ry

Letf,g: R4 — R, be measurable functions, f is bounded, such that

fx)<bs(x)),  xeRY,

gx)>a, x| < p.
Then

sup Zf(x—y)eXP{— Z g(z—y)} < oo

xeRY ye
nel e zen\y

8/21



EXISTENCE AND UNIQUENESS FOR THE FECUNDITY PROCESS

Condition 1. There exists B> 1 and p > 0, such that, for a.a. x € le,

a(x) < BG?(x), @(x) < BG(x), c(x) < pp(x).

Condition 2. The function ¢ is separated from 0 in a neighborhood
of the origin.

Let b be the birth rate given by (2) and let Conditions 1-2 hold. Then
there exists a unique solution to (1).

If, additionally, both b and 1y are translation invariant, then 1 is

translation invariant for t > 0.
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PROPERTIES OF PROCESSES WITH BOUNDED
BIRTH RATES




By the Lemma above, the fecundity birth rate (2) is globally bounded.
Consider two other examples of bounded birth rates known in
literature.
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By the Lemma above, the fecundity birth rate (2) is globally bounded.
Consider two other examples of bounded birth rates known in
literature.

Glauber dynamics in continuum Consider the rate

Z(Px y)

yen\ix
where z> 0 and ¢ : R? — R, is such that (j)( x) < BG(x), x € RY for

some B > 0.

byp(x,m) = zexp(

Establishment rate Consider the rate, cf. (2):

ba,c,¢(x,77) = Za(x—y)(l + Zc(x— z))exp(— Z(j)(x—z)),

yen z€en z€en
where 0 <a,c,¢ € Ll(IRd) are such that, for x € ]Rd,

(x)<q¢(x),  c(x)<pdp(x),  ¢(x)<BG(x)

for some q,B>0,p > 0.
10/21



AUXILIARY PROCESSES

Recall that
b = sup b(x,1) < co.

xeR4
nel
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1) Consider the so-called Surgailis process (&;);>¢ with the death
rate 1 and the birth rate b, such that &, = 71y a.s. It satisfies the
equation
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Recall that
b = sup b(x,1) < co.

xeR4
nelg

1) Consider the so-called Surgailis process (&;);>¢ with the death
rate 1 and the birth rate b, such that &, = 71y a.s. It satisfies the

equation
SB= [ om0 (ds drdu,dn
(0,¢]xBxR?
+ J. I{r>t}?1“0(dx,dr).
BxR,
Then

n C&  as., t>0.



AUXILIARY PROCESSES

Corollary

There exists C > 0 such that, for each B € %,(RY),

[E|n; N B| < Cvol(B) (3)
for all t > 0, provided that (3) holds for t = 0.

2) Consider the Poisson Process (I1;);s( defined by

I1,(B) = J Tjo,p) ()N (ds, dx, du, dr).

(0,t]xBxR?
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2) Consider the Poisson Process (I1;);s( defined by
I1,(B) = J Tjo,p) ()N (ds, dx, du, dr).
(0,t]xBxR?
Then
M\ 1o C &\ CIly, t20,

I, cIl;,, 0<s<t
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LYAPUNOV-TYPE FUNCTIONAL

We consider

=) h(x)+ Z¢ K(lx-yl) € [0,00].

X€r {x,y}cy
Here ¢, h: RY — (0, 00) are separated from 0 on each compact subset
of R9, and K : (0, 00) — (0, 00) is such that

lim K(g) = oo,

q—0+

(o9

JK(q)qdldq <oo, r>0,

—supf K (- y)dy < oo

xeRd
2Cb(x) < h(x) < G(x), xeR%.
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PROPERTIES

Suppose that EW (1)) < co. Then, for all t >0,
EW(n;) < (1 +t)EW(r0) + EW(II;) < 0
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Suppose that EW (1)) < co. Then, for all t >0,
EW(n;) < (1 +t)EW(r0) + EW(II;) < 0

Denote © := Qg := {1 €Iz : W(1) < o0}.
Lemma

Foreachn €O,
|LW ()| < b(hy + 2W (1) < 0.

Corollary

Assume that EW(1y) < co. Then
t
EJ|LW(nS,)(d5 <oo, t>0.

0 13/21



MARTINGALE PROPERTY

Suppose that EW (1)) < co. The process

t

M, == W(rn,) - J LW (#5)ds

0
is an (%;)-martingale.
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MARTINGALE PROPERTY

Suppose that EW (1)) < co. The process

t

M, == W(rn,) - J LW (#5)ds

0
is an (%;)-martingale.

Lemma

The function W is a Foster-Lyapunov-type function:

LW () < 6y~ S W), €@,
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GLOBAL IN TIME ESTIMATE

Suppose that EW (1) < co. Then

limsup EW(#;) < 2b(h).

t—00

15/21



RETURN TIMES

Let 6 > 0 be a small number. For K > 0, let tx be the return times to
the set {C € ® : W(C) < K}, namely,

T = inf{t >8| W) < K}
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RETURN TIMES

Let 0 > 0 be a small number. For K > 0, let g be the return times to
the set {C € ® : W(C) < K}, namely,

1 =inf{t > 5 | W) <K]
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RETURN TIMES

Let 0 > 0 be a small number. For K > 0, let g be the return times to
the set {C € ® : W(C) < K}, namely,

TK:nﬁﬁ>5Mng<K}

Suppose that EW (11y) < co. Then, for each K > b(h),
EW (10)

< —.
Bt < = biny

Assume that EW (1) < co. Then, for all 6 € (0, %), there exists Kg > 0
such that, for K > Kg,

EeV% < co.
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UNIQUENESS OF THE DEGENERATE INVARIANT
DISTRIBUTION FOR SUBLINEAR BIRTH RATE




DESCRIPTION

The fecundity birth rate (2) satisfies

blxy)< ) gx-y), nelg xen, (4)
yen
for some g: RY — (0, 0), such that g(x) <BG(x), x € RY, with some
B > 0. We consider properties of a general rate which satisfies (4)
(e.g. the establishment rate has this property).
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DESCRIPTION

The fecundity birth rate (2) satisfies

blxy)< ) gx-y), nelg xen, (4)
yen
for some g: RY — (0, 0), such that g(x) <BG(x), x € RY, with some
B > 0. We consider properties of a general rate which satisfies (4)
(e.g. the establishment rate has this property).

Namely, we are going to find sufficient conditions for g such that

(&r<1 (5)
would imply that the Dirac measure concentrated at @ is the only
invariant distribution for 7, on I;.
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MAIN RESULT

Let (4) hold with

C
x)=by(]x]) £ ————,
) = bl <
for some C >0, where by : R, — (0, 00) is a continuously decreasing
to 0 function. Suppose also that (5) holds. Then the Dirac measure

concentrated at @ is the only invariant distribution for 1, on Is.

xe]Rd,
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MAIN RESULT

Theorem

Let (4) hold with

C
g(x) = bg(lx]) < Lt e’

for some C >0, where by : R, — (0, 00) is a continuously decreasing
to 0 function. Suppose also that (5) holds. Then the Dirac measure

concentrated at @ is the only invariant distribution for 1, on Is.

In the case of the fecundity rate (2), g(x) = rpa(x), where

1, 0<p<l,
1
peffl, p>1,

xe]Rd,

rp:=sup(l+ps)e” =
seR,

i.e. (5) takes the form
rp{ay <1.
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IDEA OF PROOF

e Choose large R > 0, so that

f (1+x) 2 dx <1-(g).
|x|>R
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IDEA OF PROOF

e Choose large R > 0, so that
f (1+x) 2 dx <1-(g).
|x|>R

e Choose a radially symmetric continuous bounded integrable
function ¢, : RY — (0, 0), so that

be(|x]), x| <R,
8(x) = bg(|x]) < cg(x) = { bg(R), R<|x| <Ry,

(1+[x]) 925, |x|=R,,
and (cg) < 1.
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IDEA OF PROOF

e By using [F/Tkachov, Advances in Applied
Probability’2018], show that

¢ (x) < Cap{cg)"(1+6)" minfAq o, collx)}, x€RY,
for each small 6 and for each a < 1 close enough to 1.
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e Define
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n=2

and show that, for F(1) = ¥ e, f (%),

LE(n) < —ch(x).
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IDEA OF PROOF

* By using [F/Tkachov, Advances in Applied
Probability’2018], show that
¢ (x) < Cap{cg)"(1+6)" minfAq o, collx)}, x€RY,
for each small 6 and for each a < 1 close enough to 1.
e Define
o
F(x) = cglx) + Zc;"(x), xeRY
n=2

and show that, for F(1) = ¥ e, f (%),

¢ Show that

F(ns)+1;, wherel; := J Z cg(x)ds,

0 X€ls-

is a non-negative supermartingale, and hence E lim [; < co.
t—00
19/21
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