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TAIL FUNCTIONS

* For a probability distribution (probability measure) F on R, let
F(s):=F((s,)),  s€R

be its tail function.
* For probability distributions F;, F, on R with the corresponding
tail functions Fy, F,, the convolution F; * F, has the tail function

e Ey(s) = fm Fl(s—r>F2(dr>=JIRE(s—r)Fl(dr).

¢ Recall that Xl R Fll XZ 2 F2 |mpl|es Xl +X2 R P1 *Pz.
* Let F be concentrated on R, :=[0,00) and F(s) > 0, s € R, then
F=F(s)

liminf — 2.
s—00 F(S)

Chistyakov’ 1964
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SUB-EXPONENTIAL DISTRIBUTIONS

¢ Let, additionally, F be heavy-tailed, i.e.
J eMF(ds) = oo forall A >0,
R

then the equality holds:

liminf FiF(S)
5—00 l:(S)

=2

Foss/Korshunov’2007
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SUB-EXPONENTIAL DISTRIBUTIONS

¢ Let, additionally, F be heavy-tailed, i.e.
J eMF(ds) = oo forall A >0,
R

then the equality holds:

liminf FiF(S)
5—00 13(5)

=2

Foss/Korshunov’2007

e Definition. A distribution F concentrated on IR, is said to be

sub-exponential, if
F=+F
lim i (5) =
S§—00 F(S)

Chistyakov’1964; Hover/Ney/Wainger’ 1969; Athreya/Ney’ 1972
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SUB-EXPONENTIAL DISTRIBUTIONS: PROPERTIES

Chistyakov’ 1964 has also shown that:

* Any sub-exponential distribution is long-tailed, i.e.

F(s+t
(_S ):1 for each t > 0.
S—00 1?(5)

(Moreover, each long-tailed distribution is heavy-tailed.)
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SUB-EXPONENTIAL DISTRIBUTIONS: PROPERTIES

Chistyakov’ 1964 has also shown that:

* Any sub-exponential distribution is long-tailed, i.e.

F(s+t
(_S ):1 for each t > 0.
S—00 F(S)

(Moreover, each long-tailed distribution is heavy-tailed.)

* If F is a sub-exponential distribution concentrated on IR,, then

T
lim F_ (s) =n,
5—00 F(S)

where F*":= Fx...*F (n—1 times).

4/28



SUB-EXPONENTIAL DISTRIBUTIONS: PROPERTIES

e If X1 >0,...,X,, >0 arei.i.d.r.v. with a sub-exponential
distribution, then

P(Xy +...+ X, >5) ~ P(max{Xy,..., X,} >s), s — o0,
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SUB-EXPONENTIAL DISTRIBUTIONS: PROPERTIES

e If X1 >0,...,X,, >0 arei.i.d.r.v. with a sub-exponential
distribution, then

P(Xy +...+ X, >5) ~ P(max{Xy,..., X,} >s), s — o0,

e Were used by Chistyakov’ 1964 and later by Athreya/Ney’ 1972
for the study of the renewal equation and branching processes.
For this (and later for risk theory) one needs ‘more uniform’ in
n € IN bound instead of

Fi(s) < (n+ 0)F(s), s> s5(n).

5/28



KESTEN’S BOUND FOR DISTRIBUTIONS ON IR
+

e Let F be a sub-exponential distribution concentrated on R,,
then, for each 0 > 0, there exists c5 > 0, such that

F*i(s) <cs(1+0)"F(s), s>0, neN.
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e History: Chistyakov’ 1964: under additional assumptions,
general case: Athreya/Ney’ 1972 (the proof was proposed by
Kesten). We follow the terminology by
Foss/Korshunov/Zachary’ 2013.
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KESTEN’S BOUND FOR DISTRIBUTIONS ON R,

e Let F be a sub-exponential distribution concentrated on R,,
then, for each 0 > 0, there exists c5 > 0, such that

F*i(s) <cs(1+0)"F(s), s>0, neN.

e History: Chistyakov’ 1964: under additional assumptions,
general case: Athreya/Ney’ 1972 (the proof was proposed by
Kesten). We follow the terminology by
Foss/Korshunov/Zachary’ 2013.

¢ The ‘profit’: uniform convergence of series

n=1

Were used in branching age dependent processes, random
walks, queue theory, risk theory and ruin probabilities,
compound Poisson processes, and the study of infinitely divisible
laws.
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SUB-EXPONENTIAL DENSITIES ON IR_,_

e If distributions Fy, F, on IR have probability densities
by 2 0,by > 0, with [ by (s)ds = [ by(s)ds = 1, then Fy + F; has the
density

(bl*b2)(5) Z:J]\Rbl(s—t)bz(t)dt, seR.
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SUB-EXPONENTIAL DENSITIES ON IR_,_

e If distributions Fy, F, on IR have probability densities
by 2 0,by > 0, with [ by (s)ds = [ by(s)ds = 1, then Fy + F; has the
density

(bl*b2)(5) Z:J]\Rbl(s—t)bz(t)dt, seR.

¢ The density b of a sub-exponential distribution F concentrated
on R, (i.e. b(s) = 0 for s < 0) is said to be sub-exponential on R, if
b is long-tailed, i.e.

lim Gkl =1 foreacht>0,
s—00 b(s)
and beb
T (bxb)(s) _ 2.
S—00 (s)

¢ Note that any long-tailed function b satisfies

lim e**b(s) = oo for each A > 0.
s—00 7/28



SUB-EXPONENTIAL DENSITIES ON IR_,_: PROPERTIES

e Let b be a sub-exponential density on R, (recall that b(s) = 0 for
s<0). Then

p(s)
sll)r{.lo b6s) =n, neN

where b*"" :=b=*...+b (n—1 times).
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SUB-EXPONENTIAL DENSITIES ON IR_,_: PROPERTIES

e Let b be a sub-exponential density on R, (recall that b(s) = 0 for
s<0). Then
b
lim (5)
s—co D(s)

where b*"" :=b=*...+b (n—1 times).

=n, nelN

¢ Moreover, the following Kesten’s bound hold: for any 6 > 0, there
exist s5 > 0 and ¢5 > 0, such that

b (s) < cs(1+0)"b(s), s=>ss, n€N.

Klippelberg’ 1989; Asmussen/Foss/Korshunov’2003
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SUB-EXPONENTIAL DENSITIES ON IR_,_: PROPERTIES

e Let b be a sub-exponential density on R, (recall that b(s) = 0 for
s<0). Then

. bM(s)
Im 26

where b*"" :=b=*...+b (n—1 times).

=n, nelN

¢ Moreover, the following Kesten’s bound hold: for any 6 > 0, there
exist s5 > 0 and ¢5 > 0, such that
b (s) < cs(1+0)"b(s), s=>ss, n€N.

Klippelberg’ 1989; Asmussen/Foss/Korshunov’2003

* Note that if b is a sub-exponential density on R, then F is a
sub-exponential distribution on IR, but the converse result is
not, in general, true.
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SUB-EXPONENTIAL DENSITIES ON IR_,_: EXAMPLES

The following functions, being normalized on IR, become
sub-exponential densities of
e Student’s t-distribution.
1 o5 1
— >
(1+51)

p =1 corresponds to the Cauchy distribution

b(s) =

* The Lévy distribution
_3 Cc
b(s)=(s—p) 2exp(—s—), c>0, pelR
—H
e The Burr IV distribution.
Scfl

(1 +Sc)k+1’

b(s)= c>0,k>0.

¢ =1 is related to the Pareto distribution.
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SUB-EXPONENTIAL DENSITIES ON IR_,_: EXAMPLES

The following functions, being normalized on IR, become
sub-exponential densities of

* The log-normal distribution.

1 logs — u)?
b(s) = _exp(_(gz—zf‘)
V4

- ) y>0, ueR.

¢ The Weibull distribution.
exp —s%
b(s) = —( )

i a€(0,1).

* ‘Almost exponential” distribution.
b(s) ( : ) >0
s)=exp|-——=) a>0.
P\™llogs)e
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SUB-EXPONENTIAL DENSITIES AND KESTEN'S
BOUND ON R




SUB-EXPONENTIAL DISTRIBUTIONS ON THE WHOLE IR

¢ Itis easy to construct a distribution supported on [-r,00), 7 > 0,
such that F  F(s) ~ 2F(s), s — oo, but F is light-tailed.
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e Therefore, a general distribution on R (with right-unbounded
support) is said to be sub-exponential if F x F(s) ~ 2F(s), s — oo
and F is long-tailed that is, recall,

F(s+t
lim (_S ) =1 foreacht>0.
S—00 F(S)

e This appears equivalent to require that the distribution

F*(-):= F(-NR,), after normalization, must be sub-exponential
onlR,.
» Then F*i(s) ~ nF(s), s — oo for any n > 2 and Kesten’s bound
remains unchanged.
e.g. Sgibnev’1982,71990; Foss/Korshunov/Zachary’ 2013
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¢ Itis easy to construct a distribution supported on [-r,00), 7 > 0,
such that F  F(s) ~ 2F(s), s — oo, but F is light-tailed.

e Therefore, a general distribution on R (with right-unbounded
support) is said to be sub-exponential if F x F(s) ~ 2F(s), s — oo
and F is long-tailed that is, recall,

F(s+t
lim (_S ) =1 foreacht>0.
S—00 F(S)

e This appears equivalent to require that the distribution

F*(-):= F(-NR,), after normalization, must be sub-exponential
onlR,.
» Then F*i(s) ~ nF(s), s — oo for any n > 2 and Kesten’s bound
remains unchanged.
e.g. Sgibnev’1982,71990; Foss/Korshunov/Zachary’ 2013
* For more deep properties and differences with the IR, case see
Watanabe’2008.
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SUB-EXPONENTIAL DENSITIES ON THE WHOLE IR: DEFINITION

¢ We will say that a density b is (right-side) sub-exponential on R if
b is (right-side) long-tailed, i.e.

. b(s+1)
lim

SHWW =1 foreacht>0,
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SUB-EXPONENTIAL DENSITIES ON THE WHOLE IR: DEFINITION

¢ We will say that a density b is (right-side) sub-exponential on R if
b is (right-side) long-tailed, i.e.
b(s+t
lim M =1 foreacht>0,
S—00 b(s)

(bb)(s) = Jle(s —)b(t)dt ~2b(s), s — co.

e Asmussen/Foss/Korshunov’'2003 have shown that if a density b
on R is long-tailed and, being restricted and normalized on R,
becomes a sub-exponential density on R, and if, additionally,
the condition

b(s+7)<Kb(s), s>p, t>0 (1)

holds for some K > 0 and p > 0, then b is a sub-exponential
density on R.
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SUB-EXPONENTIAL DENSITIES ON THE WHOLE IR: DEFINITION

¢ We will say that a density b is (right-side) sub-exponential on R if
b is (right-side) long-tailed, i.e.

. b(s+1)
lim

SHNW =1 foreacht>0,

(bb)(s) = Jle(s —)b(t)dt ~2b(s), s — co.

e Asmussen/Foss/Korshunov’'2003 have shown that if a density b
on R is long-tailed and, being restricted and normalized on R,
becomes a sub-exponential density on R, and if, additionally,
the condition

b(s+7)<Kb(s), s>p, t>0 (1)

holds for some K > 0 and p > 0, then b is a sub-exponential
density on R.
* In particular, if b is tail-decreasing, i.e. decays to 0 on [p, o) for

12/28
some p > 0, then (1) holds.



SUB-EXPONENTIAL DENSITIES ON THE WHOLE IR: RESULT

Definition
For a (probability) density b on IR, let b, denote its normalized
restriction to IR,..
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SUB-EXPONENTIAL DENSITIES ON THE WHOLE IR: RESULT

Definition
For a (probability) density b on IR, let b, denote its normalized

restriction to IR,..

Theorem 1

Let b be a density on R, such that b, is a sub-exponential density on
R,, and let (1) holds (for example, let b be tail-decreasing). Then

b*"(s) ~nb(s), s— oo, n>2.

13/28



SUB-EXPONENTIAL DENSITIES ON THE WHOLE IR: BACKGROUND

The proof follows from

Proposition 1

Letb:R — IR, satisfy the conditions above. Let by, b, € L'(R — RR,)
and there exist constants cy,c, > 0, such that
bj(s)

lim — =¢;

i=1,2.
) j=1

Then (b, +by)()
. 1*¥0)(8)
Sli)l’{.loTs)—C1J;Rb2(’f)dT+C2J;Rb1(T)dT.
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The proof follows from

Proposition 1

Letb:R — IR, satisfy the conditions above. Let by, b, € L'(R — RR,)
and there exist constants cy,c, > 0, such that
bj(s)

lim — =¢;

j=1,2
) j=1

Then (b, +by)()
. 1*¥0)(8)
Sli)l’{.loTs)—C1J;Rb2(’f)dT+C2J;Rb1(T)dT.

Then, in particular, by = b, b, = o(b) imply b= b, ~ b.

14/28



SUB-EXPONENTIAL DENSITIES ON THE WHOLE [R: KESTEN'S BOUND

Theorem 2

Let b be a bounded density on IR, such that b, is a sub-exponential
density on R, , and let (1) holds (e.g., let b be tail-decreasing).
Then, for any 6 € (0,1), there exist Cs > 0 and ss > 0, such that

b (s) < Cs(1 +06)"b(s), s>ss, n€N.
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APPLICATION TO THE NON-LOCAL HEAT EQUATION ON R

Consider the non-local heat equation on IR
iu(x, t)= %j a(x—y)(u(y, t)—u(x, t))dy, xeR,
Jt R

where x>0 and 0 <a € L'(R)NL®(R) with [ a(x)dx =1. Let
u(x,0) = up(x), x € R, where 0 < uy € L2(R).
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Consider the non-local heat equation on IR
d
—u(x,t)= %j a(x—y)(u(y, t)—u(x, t))dy, xeR,
dt R
where x>0 and 0 <a € L'(R)NL®(R) with [ a(x)dx =1. Let
u(x,0) = up(x), x € R, where 0 < uy € L2(R).
The unique solution in L*(IR) is
u(x, t) = e ug(x) + e e(t) + 10 (x),
where

[oe]
n"h"
a™(x), x€R,t>0.

n!

16/28



APPLICATION TO THE NON-LOCAL HEAT EQUATION ON R

Consider the non-local heat equation on IR
d
—u(x,t)= }tj a(x—y)(u(y, t)—u(x, t))dy, xeR,
dt R
where x>0 and 0 <a € L'(R)NL®(R) with [ a(x)dx =1. Let
u(x,0) = up(x), x € R, where 0 < uy € L2(R).
The unique solution in L*(IR) is
u(x, t) = e ug(x) + e e(t) + 10 (x),
where
= u"

Py (x,t) :=Z a"(x), xe€R, t>0.

n=1

n!

If a satisfies the conditions of Theorem 2, then the series above
converges uniformly on finite time intervals for each x > s5, and
therefore, by Theorem 1,

x,t) ~ ute*fa(x), x— oo, t>0.
P4
16/28



SUB-EXPONENTIAL DENSITIES ON THE WHOLE IR: TECHNICAL TOOLS

e h-insensitive property: proposed by
Asmussen/Foss/Korshunov’2003.
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e For a tail-decreasing b, it is evident; the general case is based on
a classical result for the slowly regular function b(logs).

e Definition. b is said to be h-insensitive w.r.t. an increasing
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e h-insensitive property: proposed by

Asmussen/Foss/Korshunov’2003.

e If b is long-tailed, then the convergence hgj(:)t) —1,s > 0is

locally uniform in t: for each h > 0,
b(s+1t)
b(s)

- 1\ - 0.
|t|<h

e For a tail-decreasing b, it is evident; the general case is based on
a classical result for the slowly regular function b(logs).

e Definition. b is said to be h-insensitive w.r.t. an increasing
function h, such that 0 < h(s) < 5 and h(s) — oo, s — oo, if

up ‘b(s +1)
i<nis)! b(s)

—1‘:0. (2)

e For each long-tailed b such h does exist (not unique, of course).
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SUB-EXPONENTIAL DENSITIES: SUFFICIENT CONDITIONS

e Asmussen/Foss/Korshunov’2003 have shown that if b is
long-tailed and tail-log-convex, i.e. log b is convex on (p, o) for

some p > 0, and the function h above is such that
lim sb(h(s)) = 0, (3)
S§—00

then b, is sub-exponential on IR, .
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e Asmussen/Foss/Korshunov’2003 have shown that if b is
long-tailed and tail-log-convex, i.e. log b is convex on (p, o) for
some p > 0, and the function h above is such that

lim sb(h(s)) = 0, (3)
5—00
then b, is sub-exponential on IR, .

* Hence, if, additionally, (1) holds (e.g. if b is tail-decreasing), then,
by Theorem 1, b is sub-exponential on IR and, by Theorem 2,
Kesten’s bound holds.

¢ The following simple fact was not observed before: if b is
tail-decreasing, then (2) is just equivalent to

. b(s +h(s))

lim — =1 (4)

* We denote by S the class of ‘regular’ densities which are
tail-decreasing, tail-log-convex, and there exists h as the above
(i.e. 5> h(s) /" o), such that (3)-(4) hold. 18/28



SUB-CLASS OF REGULAR DENSITIES ON R,

e For any b € §y, both Theorems 1 and 2 hold. It is natural to find
transformations which keep functions in §; or, at least, in some
its subclasses.
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SUB-CLASS OF REGULAR DENSITIES ON R,

e For any b € §y, both Theorems 1 and 2 hold. It is natural to find
transformations which keep functions in §; or, at least, in some
its subclasses.

e Consider a sub-class §;, d > 1 of the class S of regular
densities b on IR, such that b € Ll(IRJr,sd‘1 ds), and, for some
0=0(b) >0 and h as above,

lim s'*b(h(s)) = 0. (5)

S§—00

19/28



REASON 1 FOR THE SUB-CLASS

Definition. The densities b and c, positive ‘at infinity’, are said to be
log-equivalent if

logb(s) ~logc(s), 5 — oo,
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Proposition 2
Letb e S; and let h be the corresponding function. Letc: R — R, be
a bounded tail-decreasing and tail-log-convex density, such that

lim c(s +h(s))

=1.
S—00 c(s)

Suppose that b and ¢ are log-equivalent. Let also, for some
a€(0,1), b* e LY(R,,s? 1 ds). ThenceS,.

Typical application: ¢(s) = p(s)b(s), s € R, with logp = o(logb).
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(NEW) EXAMPLES OF SUB-EXPONENTIAL DENSITIES

Let b: R — R, be a bounded tail-decreasing and tail-log-convex
density, such that, for some C > 0, v, u € IR, the function C b(s) has
either of the following asymptotics as s — oo
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° (logs)ﬂs_(d*’é)’
U (logs)"svexp(—D(logs)q),
* (logs)Hs” exp(—s“),
s
e (1 MgV -
(logs)"s eXp( (logs)? )
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Let b: R — R, be a bounded tail-decreasing and tail-log-convex
density, such that, for some C > 0, v, u € IR, the function C b(s) has
either of the following asymptotics as s — oo

o (logs)ts(d+o), h(s)=sF, pe (1)
. (logs)"svexp(—D(logs)q), h(s) = %;
* (logs)Hs” exp(—s“), h(s) = (logs)% sP;
* (logs)Hs” exp(—(log;s)q), h(s) = (logs)?, Be(1,q),

where D,0>0,9>1,a€(0,1). Thenbe S;,d > 1.
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REASON 2 FOR THE SUB-CLASS

Proposition 3

Letb e S; and, for some ay € (0,1), b € LI(IRJr,sd’1 ds). Then there
exists aq € (ag, 1), such that, for all « € [aq,1],

b* ESd.
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KESTEN-TYPE BOUND ON IRd




CHALLENGE

¢ The multi-dimensional version of the constructions above is
much more non-trivial.
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CHALLENGE

e The multi-dimensional version of the constructions above is
much more non-trivial.

e Currently, there exist at least three different definitions of
sub-exponential distributions on R? for d > 1:

Cline/Resnick’ 1992, Omey 2006, Samorodnitsky/Sun’2016.

* The variety is mainly related to different possibilities to describe
the zones in R where an analogue of the equivalence F+F~2F
takes place.

* Any results about sub-exponential densities in le, d>1,seemto
be absent at all.

* Note that properties of the distribution tails and the integrated
tails of the corresponding densities are not related in the
multi-dimensional case, since, for a probability density a on R4,

1_J f dyij f y)dy,

unlessd = 1.
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ExXPLANATION

¢ Note also that if, e.g. a is radially symmetric, i.e. a(x) = b(|x|),
x € R? (here |x| denotes the Euclidean norm on IR?) and b, being
normalized, is a sub-exponential density on R,, then

(@sa(s):= | ats=ylaty)dy =c(s), xR,

forsomec: R, —» R,,i.e. axais also radially symmetric,
however, asymptotic behaviors of b and c at co are hardly to be
compared.
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ExXPLANATION

¢ Note also that if, e.g. a is radially symmetric, i.e. a(x) = b(|x|),
x € R? (here |x| denotes the Euclidean norm on IR?) and b, being
normalized, is a sub-exponential density on R,, then

(@sa(s):= | ats=ylaty)dy =c(s), xR,

forsomec: R, —» R,,i.e. axais also radially symmetric,
however, asymptotic behaviors of b and c at co are hardly to be
compared.

¢ Leaving this problem as on open, we concentrate on an
analogue of Kesten’s bound in the multi-dimensional case.

Let use reduce S;, d > 1 a bit more. Namely, let S; be the same S, for
d=1,and Sd consists of all functions b € S, such that, either

M
b(s)= ————, seR,, forsome M,d >0,
(1+s)d+o
or
lim b(s)s” =0, forallv >1. 24/28
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AN ANALOGUE OF KESTEN’S BOUND ON IR?

Theorem 3

1. Leta(x) = b(|x]), x e R? for some b € S;, d > 1. Then there exists
ag € (0,1), such that, for any 6 € (0,1) and a € (ay, 1), there exist
¢s,o >0 andss , >0, such that

a(x) < csq(1+0)"a(x)®, |x|>s5,, neN.
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AN ANALOGUE OF KESTEN’S BOUND ON IR?

Theorem 3

1. Leta(x) =b(|x]), x e RY for somebe S, d > 1. Then there exists
ag €(0,1), such that, forany 6 € (0,1) and « € (a, 1), there exist
¢s,o >0 andss , >0, such that

a(x) < csq(1+0)"a(x)®, |x|>s5,, neN.

2. Leta(x) < c(|x]), x € R?, such that logc(s) ~ log b(s), s — oo for
someb e Sd, d > 1. Then there exists ag € (0, 1), such that, for
any o € (0,1) and a € (ay, 1), there existcs , > 0 andss , > 0, such
that

a(x) < c5 o (1+0)"b(Ix)*, x| =554, n€N.
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APPLICATION TO THE NON-LOCAL HEAT EQUATION IN IRd

Consider now the non-local heat equation in R?
J d
—u(x,t)=xn a(x—y)(u(y,t)—u(x,t))dy, x e RRY,
3t R4

where %> 0 and 0 < a € L' (R%) N L®(R?) with j]Rd a(x)dx=1. Let
u(x,0) = ug(x), x € R?, where 0 < uy € L*(RY).
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APPLICATION TO THE NON-LOCAL HEAT EQUATION IN IRd

Consider now the non-local heat equation in R?
J d
—u(x,t)=xn a(x—y)(u(y,t)—u(x,t))dy, x e RRY,
3t R4

where %> 0 and 0 < a € L' (R%) N L®(R?) with j]Rd a(x)dx=1. Let
u(x,0) = ug(x), x € R4, where 0 < 1y € L°(IRY). Then, again,

1(x, 1) = € g (x) + € (s (t) * g ) (x),

where
(o]
W
G (x,t) = Z L "(x), xeRY, t>0.
n=1

Then, under the conditions of Theorem 3,
Bsc(x,t) < C5,a (€)= 1)), x> 55,00 £>0

for each a <1 close enough to 1.
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